DOCUIffiNT RESmS 



ED 284 746 SE 048 211 

AUTHOR Kaplan, Roehella 

TITLE The Davslopment of Mathamatieal Thinking as a 

Funation of tha Intaraction betwaan Affective and 
Cognitive Factors. 

PUB DATE IB May 87 

NOTE ISp^l Paper presented at the Annual Heating of the 

Jean Piagat Society (17th, Philadelphia, PA, May 
28-30, 1987) • 

PUB TYPE Reports - Rasaarch/Technical (143) — 

Speeches/Conferenae Papers (150) 

EDRS PRICE MFOl/PCOl Plus Postage, 

DESCRIPTORS Achievement Gainii *Affeativa Measures; *C©gnitive 

Development I Cognitive Measurement i Cognitive 
Processes i Cogn i t i ve Structures i Elementary 
Educationi ^Elementary School Mathematicsi ^Learning 
Strategiesi Mathematical Concepts! Mathematici 



Achievement I Mathematics Education i Mathematici 
Instruction; "^Mathematics Skills; ^Student 
Motivation 

ABSTRACT 
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explaining the differencei in the acquisition of mathematical 
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mathematical thinking; this includes not only such thinking as 
meaiured by academic achievement teiti, but also strategies 
individuals use to obtain their answers. Also discussed is the nature 
of certain patterns of affective, motivational, or personal 
characteristics that are related to, yet go beyond, tha development 
of purely cognitive differences. Based on the observation of 
videotapes of teachers and young children engaged in mathematical 
activities, it is suggested that different types of non-cognitive 
behaviors are associated with the development of certain kinds of 
mathematical thinking. The results indicated a difference between 
learners who were classified as pro-mathematical thinkers with those 
categoriied as anti-mathematical thinkers, (Tl?) 
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The Development of Mathematical Thinking as a Function of the 
Interaction Between Af-fective and Cognitive Factors 

ftochelle G, Kaplan 
Teachers College, Columbia UniverBity 

IntroductiBD 

It is generally accepted, based on many yearB of research bBglnning 
with Piaget and extended by investioators such as Gelman, Qlnsburg, 
and Saxe, that mathematical reasoninQ, like language acquisition, is 
part of normal cognitive development. While controversy may exist 
about the ages at which children develop skills and reasoning 
abilities in the area of mathematiCB and about the significance for 
cognitive development of children's "precosci ous" performance on taskB 
such as conservation, counting and simple arithmetic, it is also 
generally accepted that all children will develop essentially the same 
set of basic mathematical understandl ngs. That is, all children will 
wind up able to count conventionally, classify groups of objects into 
categories and subcategories, seriate a series of objects no matter 
how large the collection, demonstrate an understading of reversibility 
through conservation, and so on. 

We find, however, that despite the univBrsal development of these 
broad categories of mathematically related cognitive capacities, as 
children enter the world of formal mathematics during the elementary 
school years, many more individual differences In the quality of the 
development of mathematical thinking seem to emerge. These 
differences can be found among children who have had the «ame basic 
educational and cultural eHperiences <Binsburg, 19B0| K. Sowder, 
personal communication, September, 19861 Benbow, 19861 Carpenter, 
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MatthewB. Lirtdqui.t. tc Silver, 1984). Moreaver, there dp.s not se. 
tp be any «vld.n=e t. suggest th^t different, in inteU^.tu.! .biuty 
alone can account thl. observed variability in the quality oi 

mathematical thin»clng, .in« .uch dlff^.^ncee «n be «b».rv.d a.ang 
children ..ho seem to have good general intellectual ability 
<Steven.on, Lee. Btlgler. 1986), Therefore, other .Mplanatory 
factors «.u.t b. considered. One such ...tor for which evidence see.s 
to be accumulating is that certain patterns of affective and 
n,otivatlonal char«ctri.tic« impact upon the quality of development of 
Children's mathematical thinking (Cadlgan, Entwlsle, Alexander, 8. 
Pallas, in pre.s| Keogh. 1986p HcLeod, 19S6| Steven.on I. Newman, m 
press) p 

When I speak about the aualit^ of mathematical thinking, I refer not 
to the usual criteria for mathematics success as measured by 
.tandardlzed achievement tests, but to a complicated constellation of 
•kills that manifest themselves in the processes rather than the 
products Of mathematical activity. That is, mathematical thinking is 
not defined by whether or not an answer is correct, but by the 
strategies that the individual uses to come to that answer. In 
elementary mathematical thinking this might refer the child's ability 
to recombine a forgotten number combination fact by breaking apart the 
problem into two known facts and then combining the totals of these 
facts. For example, if the child forgets or does not know how much 4 
" 7 i., he/she can rely on the Knowledge that 2 x 7 - 14 and so then 
«9ures out that ,4 * 14 - 28. In doing this, the child is util.ing 
th. relationship between addition and o,ultiplication operations and 
also is constucting new information based on existing knowledge. 
Hlternatxvely. another child might not know the same combination, but 
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inmtead of uslr ^ c...^ . ici e approach, takem a guess that the 

answer is 24 t > . ni hmr is remembered as being 4 times 

something in T no- Tablr and so it pounds like it could be the 

right answer* b ehilc' then is relying primarily on his/h^r memory 

of answers r^tnm^ :h.^ the operations and relationships among 

numbers for cf ig answers. In this formulation, then, children may 

develop differer MpmramchBm for doing mathematics, some of which 
reflect more aibrntfiict and fleHible reasoning than others. The purpose 
of this paper is to discuss the nature of these specific differences 
in children's mathematical thinking and then to eHamlne these 
differences in the content of certain patterns of affective, 
motivational, or personal characteristics that are related to, yet go 
beyond, the development of purely cognitive dif f erences. 
Nature^gf jognttive^Di ffgriQca^ 

Our knowledge of the nature of these cognitive differences comes from 
en tensive Interviewing and observations of videotapes of interviews of 
preschool and elementary school ^age children engaged in doing / 
mathematical activities^ The particular interviews upon which this 
paper is based were part of a project Intended to introduce teachers 
to the psychology of children's mathematical thinking through their 
participation in videotape workshops. Careful observation of these 
tapes has led us to several conclusions about the nature of individual 
cognitive differences in the development of children's mathematical 
thinking during the school years. On the one hand, 

1> Some children, without the benefit of eHpllclt instruction, 
seem to be able to make a leap from reliance on perceptual cues 
and concrete representations of quantity to abstract numeroslty. 
These children are able to mentally manipulate both whole and 
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fractional parts of numbers in all kinds of combinations* 
2) Some children Bpontanepumly umm and iipply mathematical 
principles to problems presented to them. For eMample^ they 
intuitively recognize and/or Invent distributive rules and 
understand the complementary and commutative relationships 
betNeen arithmetic operations^ That is^ they are able to 
generate new mathematical terms and Ideas based on known concepts 
or rules In contrast to simply IncreaBlng the number of memorized 
facts In their repetolres. 

5) Some children seem to spontaneously create mathematical 
problems for themselves and know when to apply eHlstlng 
mathematical knowledge In their everyrti^y lives. 
4) Finally some children seem to spontaneously engage in 
metacognltive activities abDut their mathematical thinking^ l.e.^ 
they naturally reflect upon their own thinking processes. 
In contrast, 

1) Other children remain at the counting level of mathematical 
thinking for a much longer period of time and seem to have little 
grasp of cardinality, resulting in early failure to spontaneously 
use countlng--on techniques and later, In a lack of facility for 
remembering addition or multiplication number combinations. 

2) These children move through the mathematics curriculum as 
though it were a merles of unrelated bits of Information, 
governed by arbitrary rules. They fall to see the relationships 
between different mathematical principles and/or procedures and 
tend to rely on the mechanical and arbitrary application of 
memorized or familiar procedures to new situations and problemSp 

3) Some children seem to develop a sharp distinction between 
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mathematice mm a school earned or school -only activity and the 
practical problemm of their everyday life, 

4)ThBse children also mmmm to have difficulty thinking about or 
describing how they figure out a math preblemp 
Wh^_CgflDiti^e_Dif £ereQCtf_Btv&^ 

jhrnrm are at least two possible approachem to viewing the relationship 
between cognitive and non^cogr^iti ve or affective domains in th^ 
development of ?nathemati cal thinking- The firmt view suggests that 
particular cognitive eHperienc^m evoke certain ernptional states. For 
example, a difficult problem may evoke feelings of frustration* The 
way in which thim feeling is dealt with will determine the type of 
cognitive approach that will be applied nent (MeLeod, 1906)- This 
view has limitations for explaining why some children consistently 
respond in one way to frustration and others in another wiiv- 
An alternative viewpoint, one that we find more compelling and which 
is consistent with Piaget's C197B) description of affect as the energy 
behind cognitive development, views affect not as a transitory 
response in relation to cognitive activity, but as a characteristic 
set of responses that impacts upon the way in which cognition 
developsp Our ©bservaticns of children have encouraged us to support 
the position that different types of non-cognitive behaviors seem to 
be associated with the development of certain kinds of mathematical 
thinklngi That is, children display individual differences in affect 
and motivation in a mathematics situation, at least on the tasks that 
we have observed children doing, and these differences seem to be 
associated with particular enpressions of mathematical thinking as 
outlined above« 

The particular non-^cogni ti ve variables that we are currently focusing 
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on have been selected from m wide range of possible choices. The two 
main criteria for their selection were that they must be readily and 
reliably Identifiable by many observers and that they must also be 
reasonably Independent of the specific cognltiv. functioning variableB 
discussed earlier. For e«ample, "confidence" had been suggested as an 
affective variable, but was rejected because even though it can be 
easily identifed, it is also just as easily confounded with cognitive 
ability. Ue have, for eNample, a tape of a 6-year old first-grade boy 
who when asked about whether he was good at math when he was S-years 
old, eHclaimed, "Good? 1 was great!" This child wa. described by his 
teachers as a superior math student and during his interview 
demonstrated some very clever mental calculation strategies. Clearly 
his confidence was a reaction to and a reflection of intellectual 
competence and the two variables could not be separated. Similarly, 
"rigidity" or "flexibility" in the selection of solution strategies 
must be dealt with cautiously because the extent of flexibility is 
clearly limited by the number of possible strategies that a child 
knows. On the other hand, "rl sk-taNlng" is an example of another 
variable that had been suggested as a likely candidate for looking at 
non-cognitive factors in development. The problem here was that th.- 
variable was hard to identify and even if it could be identified, it 
might vary with individual concerns about what might be at risk (i.e., 
self esteem, chance of failure, possible criticism). 
Given the above selection criteria of reliability and factor 
independenc., and consistent with previous research, our observationE 
have led us to focus on the following non-cognitive variablesi 

DHow children reBpond to their own errors (including whether 
they monitor themselves or wait for others to point them out) 
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2) How, ¥ihmn and If children indicate awareness of the limits of 
their knowledge (including how and if they ask quescions) 

3) Related to the abovei the entent to which children seem to 
tniS^ reflecting upon or describing their own thinking processes, 
i*ei,, willingneMm to share their thoughts with another 

4) The en tent to which children are involvedi engaged, or seem to 
be "at one" with a task in terms of whether their involvement is 
in the solution procems <"deep approach" as termed by Marton) or 
in obtaining an answer in order to meet a task requirement 
("surface approach") 

5) The en tent of persistence in the face of frustration or a 
difficult task in contrast to the eHtent to which energy is 
enpended to a^oid doing a task 

6) The dominant mood and/or shift in moods of children from the 
beginning to the end of the task and across tasks 

Hf thod^gf ^iDvestigatlon 

To date we have looked at these variables within the content of our 
eMisting tapes of children. These tapes include a variety of 
mathematical tasks carried out during individual clinical interviews 
of children between 3 and 9^years of age and include mental and 
written calculation as well as seme spatial and measurement tasks* 
Observation of these tapes has led us to distinguish two general 
profiles of mathematical thinkers that can be described in terms of an 
association between particular cognitive abilites and particular 
effective or motivational approaches. 

The mathematical thinking types can be considered ass 

1. The pro-mathematical thinker 

2. The antl --mathematical thinker 
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In defining thes. types, a few images come to mind. First, the 
«nti=mathematl«l thinker may b» Been as analogous to a person who ie 
wearing very heavy lead-soled shoes. This person uses up a lot of 
effort to take each step and his/her gait is slow, plodding, and 
graceless. Because it takes so much effort to lift each leg, he/she 
can only focus on taking one step at a time and so the flow of 
movement is always interrupted. The pro-mathematical thinker, on the 
other hand, bring, to mind an image of a coordiated, graceful dancer 
who not only moves both feet at the same time, but whose movement has 
a rhythm and fluidity that involves the entire body. Although these 
images do not directly address the issue of different types of 
mathematical thinking, they do reflect the quality of the kind of 
distinctions that are intended to be conveyed by the use of the termm 
pro- and anti -matheatical thinkers, i.e., the difference between a 
"plodding or piecemeal" approach as compared to a "fluid or soaring- 
approach to mathematics. 

Specifically in terms of the association between cognitive and 
non-cognitive factors in the development of children's mathematical 
thinking, the following descriptions would apply. 
The_aro=mathematical_thlnkir 

a. On the cognitive side, the child, without explicit 
Instruction, develops procedures for mentally manipulating and 
recombining numbers and on the non-cognitive side, is persistent 
In the face of error, challenge, or difficult problems. 

b. On the cognitive side, the child can make enplicit In words or 
pictures the way in which he/she thinks about a problem and on 
the non-cognitive side, tends to take pleasure in spontaneously 
describing these solution strategies. 
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On the cognitive midm, the child makes connections between and 
applies known principles or procedures to new problemm Nhile 
fle>iibly varying the principle or procedure umed depending upon 
the structure of the problem. On the non-^cogni ti ve side^ the 
child does not Nait to be told what to do and upon spotting an 
error ^ spontaneously attempts to rework the problem. One third 
grade youngstBrt for eMamplei had been working with calculation 
of fractions and although he could not quite remember the 
appropriate algorithm for finding the "least common denominator," 
refused to be stumped. First he started to draw a diagram to 
illustrate the relationship between fractional parts and th^^n 
when that didn't quite come off ^ he proceded to use other numbers 
in order to try and explain the probiem as a division problemi 
using multiplication of whole numbers to justify his answer. He 
finally was stopped by the interviewer, but it seemed that he 
could go on tirelessly forever. 

d. On the cognitive side, the child constructs new mathematical 
problems for him/herself beyond the task requirements. On the 
non'^cogni tl ve side, the child eHhibits focused concentration, 
seems to be personally invested in the process of task solution 
and does not seem to want to "let go" of the problem (i.e., the 
child takes pleaure in trying to generate new approaches even 
after the initial problem is solved). An example, of this was a 
second grade boy who was quite advanced in his ability to work 
written calculational problems, but who had a bit of a bug in his 
procedure for doing subtraction with borrowing across Eero. 
Because of some technical video problems, the child's Interview 
was not usable* However, he had such a nice calculational error,. 

er|c 1 1 



that we decided tea redo the interview- At the nent taping, the 
first thing he mentioned , warn that he had been thinking about one 
of the problems from the previoum day and that he had figured out 
him mistakep He then reworked the problem, explaining what he 
had done wrong- So thim time the problemi and othere like it, 
was solved without "the bug" to the child's credit, but at the 
expense of a very good tape megment. 
Ibe^anti^mathaoattctl^thLQker 

a. On the cognitive mide, the child remains at the counting level 
of mathematical thinking^ rigidly applying the same solution 
strategies to all kinds of problems and on the non^cogniti ve 
side, gives up easily in the face of errorm, frumtration, and 
difficult or challenging tasks* 

b. On the cognitive side, the child maintains multiple sets of 
mathematical principles and procedures as discrete and unrelated 
units and on the non--cogniti ve side, takes only a "surface 
approach" to task solution Ci^e-, comes up with some perfunctory 
answer as a means of meeting somp eHternal obligation and ending 
the activity with noticeable relief) * Children like this tend to 
write out calculations in silence and then at the end, sigh and 
emphatically put down their pencils. They also typically will 
get two different answers when directed by the interviewer to use 
an alternatetwD procedure and accept the correctness of both 
answers because "when you count you get S3, but when you add, you 
get 39*" 

c* On the cognitive side, the child seems unable or unwilling to 
describe his/her solution procedures and on the non^cogni ti ve 
sidp, spends ftiost of his/her energy in avoiding taskSii Some 
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children, for eHample^ can maintain complete silence and not 
movei rather than attempt a mplution. Alternatively, other 
children will kid aryund and make jokes and just get generally 
silly- The effect of both is the eames task avoidance^ 
d. On the cognitive side, the child does not apply mathematics 
outside of a school content and on the non-cognitive side, waits 
for instructions and judgment by others before completing or 
evaluating a task. 
The formulation of these tentative hypothetical patterns, based on 
observations of tapes intended for a different purpose, however, has 
led to additional questions about the relationship between cognition 
and affect in the development of mathematical thinking. For en ample, 
do individual children eHhiblt patterns of either type of mathematical 
thinking depending upon the type of task employed or do affect and 
motivation vary consistently across all kinds of problems in 
mathematics? What happens in a learning situation? Are children's 
styles unique to mathematics or do they carry over into other areas as 
Hell? We are now Interested in putting our initial hypotheses to a 
more formal test and are In the process of developing and trying out a 
series of tasks to be used in a case study approachi, This more 
systematic and controlled approach to the study of cognitive and 
non-^cognitive factors upon the development of mathematical thinking 
should lead us to a better understanding of the relationship between 
them. 

I believe that this research will demonstrate that the affective 
domain has a significant iiapact on the course of development of 
mathematical thinking and that if the development of the affective and 
motivational systems associated with pro-^mathematical thinking are 
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encouraged in children with -nt i -mathemat i cal patterns, that these 
chUdr.n «n be h.lp.d to davelop a richer knowledge of mathematical 
concepts. To d« thl. w. need to stick to simple broad cat*gori.e of 
individual affective differences that are easily observed and dealt 
With by teachers while maintaining a sufficiently comprehensive model 
*rom Which we can select those variables that have the most potential 
value for applied areas. 
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